Direct mechanics assessment of elastic symmetries and properties of trabecular bone architecture by Rietbergen, B. van et al.
PDF hosted at the Radboud Repository of the Radboud University
Nijmegen
 
 
 
 
The following full text is a publisher's version.
 
 
For additional information about this publication click this link.
http://hdl.handle.net/2066/23717
 
 
 
Please be advised that this information was generated on 2017-12-05 and may be subject to
change.
Pergamon PII; S0021-9290 (96)00093-0
J. Biomechanics, Vol. 29, No. 12, pp. 1653-1657, 1996 
Copyright @ 1996 Elsevier Science Ltd All rights reserved
Printed in Great Britain 
002!-9290/96 S I5.00 +  .00
TECHNICAL NOTE
DIRECT MECHANICS ASSESSMENT OF ELASTIC SYMMETRIES AND 
PROPERTIES OF TRABECULAR BONE ARCHITECTURE
B. Van Rietbergen,* A. Odgaard,t J. Kabelf and R. Huiskes'J
*Biomechanics Section, Institute of Orthopaedics, University of Nijmegen, P.O. Box 910), 6500 HB Nijmegen, 
The Netherlands; and f  Biomechanics Laboratory, Department of Orthopaedic Surgery, Aarhus University
Hospital, Denmark
Abstract—A method is presented to find orthotropic elastic symmetries and constants directly from the elastic 
coefficients in the overall stiffness matrix of trabecular bone test specimens. Contrary to earlier developed 
techniques, this method does not require pure orthotropic behavior or additional fabric measurements. The 
method uses high-resolution computer reconstructions of trabecular bone specimens as input for large-scale 
FE-analyses to determine all the 21 elastic coefficients in the overall stiffness matrix of the specimen, using a direct 
mechanics approach. An optimization procedure is then used to find the coordinate transformation that yields the 
best orthotropic representation of this matrix. The method is illustrated here relative to two trabecular bone 
specimens. The techniques developed here can be used to obtain a complete characterization of the mechanical 
properties of trabecular architecture. With the development of in vivo reconstruction techniques, even in vivo 
measurements will be possible. Copyright ©  1996 Elsevier Science Ltd.
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INTRODUCTION
The anisotropic mechanical behavior of trabecular bone is 
largely determined by its trabecular architecture. Precise 
determination of mechanical behavior is of particular 
importance to assess relationships between morphometric 
parameters and mechanical properties, which are used to 
characterize the mechanical fitness of bone in normal and 
pathological conditions. To evaluate these relationships in 
a particular specimen, the constitutive parameters governing its 
mechanical behavior must be determined experimentally.
For most purposes, bone can be considered as a linear elastic 
material, for which the mechanical behavior is characterized by 
a fourth-rank stiffness tensor E in the generalized Hooke’s law 
that relates the stress to the strain tensor. The stiffness tensor is 
usually represented by a symmetric 6 x 6  matrix E [Fig. 1(a)]. In 
its most general form, this matrix involves 21 independent elastic 
coefficients that must be determined from experiments. If planes 
of elastic symmetry exist, some of these coefficients are 
interdependent or zero when measured in a coordinate system 
aligned with the normals to the symmetry planes (Bunge, 1982; 
Cowin and Mehrabadi, 1987, 1989; Nye, 1957). In the case of 
orthotropy, three orthogonal planes of symmetry exist, leaving 
nine independent elastic coefficients to be determined from 
experiments [Fig, 1(b)]. The number of independent elastic 
constants is reduced further to five for the case of transverse 
isotropy and to two for the case of isotropy.
Elastic symmetries are usually determined indirectly by 
considering symmetries in the texture or fabric of the material. 
Fabric can be evaluated, for example, by mean-intercept length 
(MIL) measurements ( Harrigan and Mann, 1984; Whitehouse, 
1974). For trabecular bone it was found that the MIL fits well to 
an ellipsoid, which has three planes of symmetry. Based on this
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finding, it was proposed that trabecular bone architecture 
exhibits orthotropic material behavior (Ashman et a l 1984; 
Cowin and Mehrabadi, 1989; Harrigan and Mann, 1984; Snyder 
et ai.t 1989; Whitehouse, 1974). The nine orthotropic elastic 
coefficients in a coordinate system aligned with the fabric axes 
can be determined from nine elastic coefficients measured by 
compression tests or ultrasound experiments in the specimens’ 
coordinate system, using a coordinate transformation (Cowin 
et al, 1991). The accuracy of the material characterization thus 
determined depends on the accuracy of the mechanical test and 
the fabric measurement, and on the adequacy of the orthotropy 
assumption.
For materials that exhibit pure orthotropje or higher 
symmetries, Co win and Mehrabadi (1987, 1989) and Cowin 
(1989) have developed a method to determine the principal 
orthotropic axes directly from the 21 components of the stiffness 
tensor. Since no mechanical tests have been developed yet from 
which all 21 elastic coefficients can be measured, the application 
of this method has been limited to theoretically derived stiffness 
tensors. With this method, inaccuracies in the fabric 
measurements are eliminated. However, errors due to 
inaccuracies in mechanical tests or due to the inadequacy of the 
orthotropy assumption remain. If the material is not purely 
orthotropic, or if inaccuracies in mechanical tests defy the 
symmetries, no unique symmetry basis is found.
In this article, a method is presented to estimate elastic 
symmetries of bone specimens, without the need for 
compression test experiments, without the need to assume pure 
orthotropic behavior and without the need for fabric 
measurements. For this purpose, high-resolution computer 
reconstructions of trabecular bone specimens are used as 
input for large-scale FE-analyses to determine all the 21 
elastic coefficients in the overall stiffness matrix of the speci­
men, using a direct mechanics approach. An optimization 
procedure is then used to find the coordinate transformation 
that yields the best orthotropic representation of this matrix. 
The method is illustrated here relative to two trabecular bone 
specimens.
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Fig. 1. In its most general form the stiffness matrix holds 21 different elastic coefficients (a). For materials
with orthotropic elastic symmetries this number is reduced to 9 (b).
METHODS
Material
Two cubic specimens were harvested from a whale vertebral 
body. The first specimen was cut such that its sides were aligned 
with the body longitudinal axis, the second specimen such that 
its sides were rotated 45° relative to this axis. Both specimens 
measured approximately 10 mm in size at each side.
Three-dimensional reconstruction
The morphology of each specimen was digitized in a serial 
sectioning procedure (Odgaard et al., 1994). This procedure uses 
an automated microtome and a digital camera to obtain a set of 
digitized images of sequential cross-sections. The magnification 
of the camera was set such that the pixels were 20 //m in size. The 
slice thickness was also chosen as 20 /an. After segmentation of 
the images, the morphology of each cube was numerically 
reconstructed in a three-dimensional voxel data set. To exclude 
boundary artifacts due to the cutting, sections near the 
boundaries with an area fraction less than 75% of the volume 
fraction were removed from the data set. In this way smooth 
surfaces were ensured such that all cut trabeculae were load- 
carrying.
FE-modeling
The voxel data sets were used as the geometries for the 
microstructural FE-models. For this purpose, the original data 
sets were remeshed into a courser grid by grouping 4 x 4 x 4  
voxels into a new one. The new voxel was considered to 
represent bone tissue if more than half of its original voxels 
represented bone tissue, and was deleted otherwise. FE-models 
were generated by directly converting the new bone voxels to 
equally sized eight-node brick elements (Fig. 2). The elements in 
the FE-model thus measured 80 fim on each side. In an earlier 
mesh-convergence study (Van Rietbergen et aL> 1995a), it was 
found that with this element size the model was sufficiently 
converged, whereas it allowed the modeling of a reasonably 
large volume of bone (Van Rietbergen et a i, 1994, 1996). The 
number of elements in the FE-models was 566,967 for the first 
specimen and 653,533 for the second. A special purpose FE-code 
was used to solve these large FE-problems. This solving
algorithm makes use of an iterative solver in combination with 
a ‘row-by-row’ matrix-vector multiplication algorithm (Van 
Rietbergen et al., 1994, 1996). In this way the memory required 
for solving could be limited to 222 Mbyte for the largest 
problem. The cpu-time in this case was 17 min for a single 
analysis when using a Cray G90 supercomputer for the 
calculations.
Calculation o f the overall stiffness matrix o f a specimen
The FE-models were used to calculate the overall (or 
apparent) material properties of a specimen, as characterized by 
the stiffness tensor. For this purpose, a direct mechanics 
approach was used. With this approach the specimen’s 
fourth-rank effective stiffness tensor E in the generalized 
Hooke’s law is obtained from the relationship (Hill, 1963; 
Hollister et a it 1991; Hollister and Kikuchi, 1992)
_ i r
E —— E M d F , (1)
V
« /
with V the volume of a representative volume of bone, E the 
tissue stiffness tensor and M  the local structure tensor (Hollister 
et a i, 1991), also called the strain localization tensor (Suquet, 
1985), which relates the local tissue strain tensor r to the average 
strain tensor e, from
£ =  Me. (2)
The tissue stiffness tensor E is defined by the trabecular 
tissue properties. In the present study, linear elastic and 
isotropic tissue properties were assumed. In an earlier study, 
using one specimen from the present data set, a tissue Young’s 
modulus of 5.33 GPa was found to give the best agreement 
between the apparent moduli calculated from the FE-model and 
those measured in experiments (Van Rietbergen et al, 1995b). 
For this reason, all specimens in the present data set were 
assigned this tissue Young’s modulus; the tissue Poisson’s ratio 
was set to 0.3.
The local structure tensor M  was determined from 
equation (2) by solving six FE-problems for six uniaxial strain 
cases. For each case, the tissue strains calculated from the 
FE-results then represent one of the six columns of the local 
structure matrix (Hollister and Kikuchi, 1992). The effective 
stiffness tensor can then be determined from equation (1).
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Fig. 2. The  FE-models  generated from the 3-D reconstructions of the specimens
Calculation o f  the principal orthotropy axes from the stiffness
matrix
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planes. Hence,  for such materials  the determination  of the 
pr inc ipal  o r lh o t r o p y  axes is equivalent to finding the coordinate
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deve loped  by Co win and  M e lira bad i (1987, 1989). F o r  materials 
th a t  do no t  have pure or tho  tropic  symmetries, such 
a t r a n s fo rm a t io n  does not exist. However,  using a numerical 
o p t im iz a t io n  a lgori thm, it is possible to find the coordinate
£
i?n e12 e.\ 3 ¿14 ^! 5' ¿1 6
<?12 tv, e23 ¿24 () 1 < ¿26
ei 3 ?23 *33 ¿34 ¿35 ¿36
6 L 4 ¿24 ¿34 4^4 ¿45 ¿46
¿15 ¿2 5 ¿3 5 ¿4.5 ?55 ¿56
¿16 ¿26 ¿36
/*♦
¿46 ¿56 '^ 66
where <5¡j is small.
1656 Technical Note
As an optimization criterion, an orthotropy objective function 
was defined as
Obj =
2
ij
y  e* '
(4)
where the summation applies only to the terms that exist in the 
matrix of equation (3)* F o r purely orthotropic materials the 
objective of equation (4) will be zero. By finding the coordinate 
transformation that minimizes this objective function, the or- 
thonormal basis for which the orthotropy assumption is best 
met is found (Appendix A). The best orthotropic material char­
acterization ¿ 0RT is then found by setting <5y =  0.
An indication of the accuracy of the orthotropy assumption is 
possible by quantifying the errors in the stress-strain calcu­
lations based on this assumption. In  the material characterized 
by matrix E , the stresses in the material are related to the strains 
by the generalized Hooke’s law: o — Ee. For a material which is 
characterized by the estimation E ORT of E} the relationship will 
be a = £ o r t£. F or a particular stress state a the difference 
between the strain vector e , corresponding to matrix E, and the 
strain vector e0RT, corresponding to E 0KT, can be written as;
g — eORT (5)
with I  the identity matrix. The relative error in the strain vector 
is then given by the matrix
£ o r t = : / _ - ( E o r t ) - 1 £ . (6)
The maximum error in the strain calculation due to the ortho­
tropy assumption for any stress/strain state can be quantified as
ErrorORT =  max
£*0
£ — SORT
Wl
=  II ¿>0RT (7)
with | | . || the Euclidean vector or matrix norm (Kreyszig, 1993).
RESULTS
The stiffness matrices for the first specimen, that was cut 
aligned with the anatomical main axes [Fig. 3(a)], resembled the 
orthotropic form shown in Fig. 1(b). The maximum error in the 
stress-strain calculation when the material was assumed as pure 
orthotropic with respect to the specimens’ coordinate system 
was found to be 5.29%. This indicates that the material can be 
considered as orthotropic reasonably well, and that the ortho­
tropy axes are almost aligned with the anatomical axes. For the
second specimen, that was cut at a 45° angle with the anatomic 
longitudinal axis, the matrix form was far from orthotropic. 
Hence, a calculation of the error in the stress-strain relation, as 
with the first specimen, could not even be considered.
After coordinate transformations to the bases found by the 
optimization procedure, the ortho tropic matrix form of Fig. 1(b) 
was closely met for both specimens [Fig. 3(b)]. The orthotropy 
objective function with this transformation was 5.0E-6 and 
1.15E-5 for the first and second specimen, respectively. The 
maximal errors in the stress-strain calculations when assuming 
pure orthotropy were reduced to 1.35% for the first specimen 
and 2.15% for the second.
DISCUSSION
Using three-dimensional microstructural FE-models 
generated from computer reconstructions of trabecular bone 
specimens, it is possible to calculate all elastic constants that 
determine the mechanical behavior of the trabecular architec­
ture, as well as the planes of elastic symmetry.
A limitation of the methods presented here is that, with the 
assumption of homogenous and isotropic tissue material prop­
erties, the pure mechanical properties of the trabecular architec­
ture are found, rather than the mechanical properties of trabecu­
lar bone. A value for the tissue modulus must still be based on 
experiments, in order to obtain realistic values for overall elastic 
moduli.
Compared to using experimental tests alone, however, the 
methods described here have three advantages. First, the best 
fitting orthotropy axes are determined directly from the stiffness 
matrix, hence no additional fabric data are needed. Second, since 
all the 21 elastic constants are found, the method allows not only 
for the determination of the best orthotropic representation and 
elastic constants, but also for a quantification of the error in the 
stress-strain relationship due to this assumption. Third, with the 
direct mechanics approach for the determination of the stiffness 
matrix, experimental artifacts such as the effects of differences in 
specimen size and the effect of boundary artifacts are largely 
reduced. In this respect, the method developed here is the more 
complete tool for the determination of the pure mechanical 
properties of trabecular bone architecture, but a rigorous com­
parison of experimental and simulation data will be needed to 
determine if an ‘effective’ isotropic modulus can give accurate 
results for the calculation of the overall mechanical properties of 
bone.
ES =
K7$ -
Specimen 1 (hvll2)
791.2 360.9 318.6 1.1 5.4 -0.6
360.9 852.9 328.1 0.9 -25 -42
318.6 328.1 1473.0 -2.4 16.9 0.6
LI 0.9 -2.4 358.7 0.5 5.1
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Specimen 2 (hvl 13)
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a b
Fig. 3. Stiffness matrices Es for the two specimens in their coordinate system as sectioned (a), and in the 
optimized orthotropic coordinate system E °  (b). The transformation that interrelates both coordinate
systems is given by matrices R .
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With the methods developed here and with recent develop­
ments of in vivo three-dimensional reconstruction techniques 
(Kinney et al., 1994, Muller et al, 1994), it will ultimately 
be possible to estimate the mechanical properties of the 
trabecular architecture in vivo, which clearly is impossible with 
traditional mechanical tests. A more immediate purpose is the 
application to comparative evaluations of in vitro trabecular 
properties.
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APPENDIX A
The components of the stiffness tensor in two different orthonormal coordinate systems Eyw in the et coordinate system and 
Ea/Jy5 in the ea coordinate system are related by
i^jkl — R;* Rj0 R* >- Rj ,5
with Ria the components of an orthogonal transformation that interrelates both coordinate systems. Relative to the e-t coordinate 
system, R can be represented by a matrix:
R =
cos a cos x +  sin a sin/? sin % sinacosß — cos a sin % + sin a sin ß cos x 
-  sin a cos /  +  cos a sin ß sin % cosacosß sin a sin x +  cos a sin ß cos %
cos ß sin % sin ß cos ß cos x
(A2)
with a, B and y the angle of rotation about the 2-, x- and y-axes, respectively. , . . ,
An optimization procedure based on a Powells algorithm (Press et a l , 1992) is used to find the rotation angles that minimize e
orthotropy objective function of equation (4). The columns of R then represent the basis for which the orthotropy objective is best
met.
